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a b s t r a c t
The purpose of this paper is to investigate the global exponential stability of impulsive
discrete systems with time delays. By using Lyapunov functionals, a number of new global
exponential stability criteria are provided. It is shown that a discrete system with time
delays can be globally exponentially stabilized by impulses even if it may be unstable itself.
Some examples are also presented to illustrate the effectiveness and the superiority of the
obtained results.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Systems with impulses provide a natural framework for mathematical modeling of many real world phenomena where
the state undergo abrupt changes. For example, many processes and phenomena studied in physics, chemical technology,
population dynamics, biotechnology and economics, do exhibit impulse effects [1–11].
Though the theory of continuous-time impulsive systems has developed rapidly [1–5], the corresponding theory of
discrete-time impulsive systems has developed a little slowly [6–12]. However, in many applications, such as numerical
analysis, control theory, finite mathematics and computer science, we use discrete systems rather than continuous
ones [6–13]. Generally speaking the stability analysis of continuous-time systems is not applicable to the discrete-time
systems. Therefore, the detailed analysis for discrete-time systems is necessary and important.
On the other hand, time delays occur frequently in many evolution processes [4,5,8–13]. Time delays are the inherent
features of many physical processes, are the big sources of instability and poor performances. Thus it is necessary to study
the impulsive discrete systems with time delays. However, the theory of impulsive discrete systems with time delays has
developed rather slowly [8–12].
Though there are some results for impulsive discrete systemswith time delays, it can be found that inmost of the existing
results the impulses act as perturbations rather than stabilizers. In [10,11], the uniform stability and uniform asymptotic
stability for impulsive delay discrete systems are given. Due to the difficulties of dealing with the delays and the impulses,
the results that unstable discrete systems with time delays can be exponentially stabilized by impulses are hard to obtain.
While in the present paper, we will use some techniques to handle with the impulses and the delays. We will obtain the
results which imply that impulses can contribute to the global exponential stability for discrete systems with time delays
even if they are unstable themselves. The Lyapunov functionals will be used to obtain some new innovative results. It is
shown that when impulses are used to exponentially stabilize an unstable system, the time interval between the nearest
two impulses should be appropriately small; conversely, when the original system without impulses is stable, the time
interval between the nearest two impulses should be appropriately large to let the system with impulsive perturbations
retain its stability property.
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Furthermore, the obtained results imply that impulses can be used as an effective control strategy to stabilize an unstable
discrete system with time delays in practical applications. The main results can be applied to many engineering areas, such
as neural networks, ecological system, networked control systems and so on.
This paper is organized as follows. In Section 2, some basic definitions and notations are introduced. In Section 3, some
global exponential stability criteria for nonlinear impulsive discrete systemswith time delays are provided. Some examples,
including an example which cannot be studied by some of the known existing results, are also presented in this section to
demonstrate the effectiveness of the proposed results. Finally, concluding remarks are given in Section 4.
2. Preliminaries
Consider the following impulsive discrete systems with time delays in general form
x(n+ 1) = f (n, xn), n ≥ 0, n ≠ nk − 1;
x(nk) = Ik(x(nk − 1)), k ∈ Z+; (1)
where x ∈ Rm, n ≥ n0 = 0, xn(s) = x(n + s) for s ∈ J = {−τ ,−τ + 1, . . . ,−1, 0}, τ ∈ Z+, Z+ denotes the set of positive
integers, f ∈ C(N×C(J, Rm), Rm),N denotes the set of nonnegative integers, i.e.,N = {0, 1, 2, . . .}, f (n, 0) ≡ 0, Ik: Rm → Rm,
Ik(0) ≡ 0, k ∈ Z+, {nk} ⊆ Z+, 0 < n1 < n2 < · · · < nk < · · ·, nk →∞ for k →∞.
The initial conditions associated with (1) are of the form
x(s) = ϕ(s), s ∈ J
where ϕ ∈ C(J, Rm).
Let ∥ · ∥ denote Euclidean norm for vectors, |φ| = maxs∈J{∥φ(s)∥}. Obviously, x(n) = 0 is a solution of (1) which we call
the zero solution. We also assume that (1) has a unique solution through (0, ϕ), denoted by x(n) = x(n; 0, ϕ).
Definition. The zero solution of (1) is said to be globally exponentially stable, if there exist scalars γ > 0, σ ≥ 1 such that
∥x(n; 0, ϕ)∥ ≤ σ |ϕ|e−γ n, n ≥ 0.
3. Main results
Now we consider the impulsive discrete systems with time delays (1), we have the following results.
Theorem 1. Assume that there exist a positive definite Lyapunov functional V (n, xn) and constants γ > 0, a > 0, b > 0, µ ≥
1, ζ ∈ Z+ such that
(i) a∥x(n)∥γ ≤ V (n, xn) ≤ b|xn|γ ;
(ii) when n ≠ nk − 1, k ∈ Z+, V (n+ 1, xn+1)− µV (n, xn) < 0;
(iii) For any k ∈ Z+, V (nk, xnk) ≤ ckV (nk − 1, xnk−1), where ck > 0, supk∈Z+{ck} = c < 1;
(iv) max{nk − nk−1, k ∈ Z+} ≤ ζ < lnµ−ln clnµ ;
then the zero solution of system (1) is globally exponentially stable and the Lyapunov exponent is no greater than
lnµ− lnµ−ln c
ζ
γ
.
Proof. Let V (n) = V (n, xn) for simplicity.
For n ∈ [n0, n1 − 1), from condition (ii), we have
V (n+ 1) < µV (n) < · · · < µn+1−n0V (n0) = µn+1V (0),
i.e., for n ∈ [n0 + 1, n1), V (n) < µnV (0).
Thus,
V (n) ≤ µnV (0), for n ∈ [n0, n1). (2)
From condition (iii) and inequality (2), when n = n1,
V (n1) ≤ c1V (n1 − 1) ≤ c1µn1−1V (0). (3)
For n ∈ [n1, n2 − 1), from condition (ii), we have
V (n+ 1) < µV (n) < µ2V (n− 1) < · · · < µn+1−n1V (n1).
This together with inequality (3), we have for n ∈ [n1 + 1, n2),
V (n) < µn−n1V (n1) ≤ µn−n1c1µn1−1V (0) = µn−1c1V (0). (4)
2292 Y. Zhang / Applied Mathematics Letters 25 (2012) 2290–2297
From inequalities (3) and (4), we have
V (n) ≤ µn−1c1V (0), for n ∈ [n1, n2). (5)
From condition (iii) and inequality (5), when n = n2,
V (n2) ≤ c2V (n2 − 1) ≤ c2µ(n2−1)−1c1V (0) = µn2−2c2c1V (0). (6)
For n ∈ [n2, n3 − 1), from condition (ii), we have
V (n+ 1) < µV (n) < µ2V (n− 1) < · · · < µn+1−n2V (n2).
This together with inequality (6), we have for n ∈ [n2 + 1, n3),
V (n) < µn−n2V (n2) ≤ µn−n2µn2−2c2c1V (0) = µn−2c2c1V (0). (7)
From inequalities (6) and (7), we have
V (n) ≤ µn−2c2c1V (0), for n ∈ [n2, n3).
By a simple induction, we can prove, in general, that for n ∈ [nk−1, nk), k ∈ Z+,
V (n) ≤ µn−(k−1)ck−1ck−2 · · · c2c1V (0) ≤ µn−k+1ck−1V (0)
= exp{n lnµ+ (k− 1)(ln c − lnµ)}V (0). (8)
Since µ ≥ 1, 0 < c < 1, ln c − lnµ < 0. From condition (iv) and n0 = 0, for n ∈ [nk−1, nk), k ∈ Z+, n < nk
= (nk − nk−1)+ (nk−1 − nk−2)+ · · · + (n2 − n1)+ (n1 − n0) ≤ kζ , k ≥ nζ , k(ln c − lnµ) ≤ nζ (ln c − lnµ), therefore, for
n ∈ [nk−1, nk), k ∈ Z+,
V (n) ≤ exp{n lnµ+ (k− 1)(ln c − lnµ)}V (0) = exp{n lnµ+ k(ln c − lnµ)− ln c + lnµ}V (0)
≤ exp

n lnµ+ n
ζ
(ln c − lnµ)

µ
c
V (0) = exp

−n

− lnµ+ lnµ− ln c
ζ

µ
c
V (0).
This together with condition (i), we have
∥x(n)∥ ≤

bµ
ac
 1
γ
|ϕ| exp

−n− lnµ+
lnµ−ln c
ζ
γ

, n ≥ 0.
This completes the proof of Theorem 1. 
Remark 1. From the conditions of Theorem 1, we can find that the original system without impulses may be unstable;
Theorem 1 shows that impulses can exponentially stabilize an unstable discrete system with time delays. When impulses
are used to exponentially stabilize an unstable system, the time interval between the nearest two impulses should be
appropriately small, i.e., the impulses should act frequently.
Theorem 2. Assume that there exist a positive definite Lyapunov functional V (n, xn) and constants γ > 0, a > 0, b > 0, 0 <
µ < 1, η ∈ Z+ such that
(i) a∥x(n)∥γ ≤ V (n, xn) ≤ b|xn|γ ;
(ii) when n ≠ nk − 1, k ∈ Z+, V (n+ 1, xn+1)− µV (n, xn) < 0;
(iii) For any k ∈ Z+, V (nk, xnk) ≤ ckV (nk − 1, xnk−1), where ck ≥ 1, supk∈Z+{ck} = c;
(iv) min{nk − nk−1, k ∈ Z+} ≥ η > lnµ−ln clnµ ;
then the zero solution of system (1) is globally exponentially stable and the Lyapunov exponent is no greater than
lnµ− lnµ−ln cη
γ
.
Proof. Let V (n) = V (n, xn) for simplicity. For n ∈ [nk−1, nk), k ∈ Z+, similar to the proof of Theorem 1, we can prove that
inequality (8) holds.
Since 0 < µ < 1, c ≥ 1, ln c − lnµ > 0. From condition (iv) and n0 = 0, for n ∈ [nk−1, nk), k ∈ Z+, n ≥ nk−1 =
(nk−1 − nk−2)+ (nk−2 − nk−3)+ · · · + (n2 − n1)+ (n1 − n0) ≥ (k− 1)η, k− 1 ≤ nη , (k− 1)(ln c − lnµ) ≤ nη (ln c − lnµ),
therefore, for n ∈ [nk−1, nk), k ∈ Z+,
V (n) ≤ exp{n lnµ+ (k− 1)(ln c − lnµ)}V (0) ≤ exp

−n

− lnµ+ lnµ− ln c
η

V (0).
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This together with condition (i), we have
∥x(n)∥ ≤

b
a
 1
γ
|ϕ| exp

−n− lnµ+
lnµ−ln c
η
γ

, n ≥ 0.
This completes the proof of Theorem 2. 
Corollary 1. Assume that there exist a positive definite Lyapunov functional V (n, xn) and constants γ > 0, a > 0, b > 0, 0 <
µ < 1, η ∈ Z+, η ≥ 2 such that
(i) a∥x(n)∥γ ≤ V (n, xn) ≤ b|xn|γ ;
(ii) when n ≠ nk − 1, k ∈ Z+, V (n+ 1, xn+1)− µV (n, xn) < 0;
(iii) For any k ∈ Z+, V (nk, xnk) ≤ (1+ bk)V (nk − 1, xnk−1), where bk ≥ 0,
∞
k=1 bk <∞;
(iv) min{nk − nk−1, k ∈ Z+} ≥ η;
then the zero solution of system (1) is globally exponentially stable and the Lyapunov exponent is no greater than
(1− 1η ) lnµ
γ
.
Proof. Let V (n) = V (n, xn) for simplicity. LetΠ∞k=1(1+ bk) = M , since bk ≥ 0,
∞
k=1 bk <∞, then 1 ≤ M <∞.
For n ∈ [nk−1, nk), k ∈ Z+, similar to the proof of inequality (8) in Theorem 1, we can prove that
V (n) ≤ µn−k+1(1+ bk−1)(1+ bk−2) · · · (1+ b1)V (0)
≤ Mµn−k+1V (0) = M exp{n lnµ− (k− 1) lnµ}V (0)
holds.
Since 0 < µ < 1,− lnµ > 0. From condition (iv), for n ∈ [nk−1, nk), n ≥ (k−1)η, k−1 ≤ nη , therefore, for n ∈ [nk−1, nk),
k ∈ Z+,
V (n) ≤ M exp{n lnµ− (k− 1) lnµ}V (0) ≤ M exp

−n

1
η
− 1

lnµ

V (0).
This together with condition (i), we have
∥x(n)∥ ≤

Mb
a
 1
γ
|ϕ| exp
−n

1
η
− 1

lnµ
γ
 , n ≥ 0.
This completes the proof of Corollary 1. 
Remark 2. From the conditions of Theorem 2 and Corollary 1, we can find that the original system without impulses is
stable, the impulses potentially destroy the stability property of the original system. Theorem 2 and Corollary 1 show that
to let the system with impulses keep its original stability property, the time interval between the nearest two impulses
must be appropriately large. Furthermore, if the condition (iii) of Corollary 1 holds, then the condition (iii) of Theorem 2 also
holds, but to keep the original stable system keep its stability we may get a smaller η (the smallest time interval between
the nearest two impulses) by Corollary 1. However, when condition (iii) of Theorem 2 holds, the condition (iii) of Corollary 1
may not hold, thus Theorem 2 has a wider range of applications than Corollary 1.
Example 1. Consider the following discrete system with time delays
x(n+ 1) = x(n)+ x(n− 1)
6+ 6x2(n− 2) , n ≥ 0, n ≠ nk − 1;
x(nk) = 1110x(nk − 1), k ∈ Z
+
(9)
where x ∈ R.
Let V (n, xn) = ∥x(n)∥ + 111∥x(n − 1)∥, then when n ≠ nk − 1, k ∈ Z+, V (n + 1, xn+1) − 2V (n, xn) < 0, V (nk, xnk)
≤ 110V (nk − 1, xnk−1). From Theorem 1, c = 110 , µ = 2, if max{nk − nk−1, k ∈ Z+} ≤ 4, then the zero solution of (9)
is globally exponentially stable. The numerical simulation is given in Figs. 1 and 2. Here, the initial condition is given as
x(−2) = −1, x(−1) = −2, x(0) = 1.
Remark 3. We can find that system (9) without impulses is unstable. This example shows that impulses do contribute to
the global exponential stability of the discrete system with time delays even if the corresponding system without impulses
is unstable itself. It should be noted that the stability of system (9) cannot be verified by the results given by Zhu et al. [8].
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Fig. 1. The original system (9) without impulses.
Fig. 2. The system (9) with impulsive control when nk − nk−1 = 4.
Example 2. Consider the following discrete populationmodel with time delays (it is the special casewhen β = γ = 12 , α =
4,m = 2, k = 3 in model (3) in [13])
y(n) = 4y(n− 2)
1+ 12y(n− 2)+ 12y(n− 3)
. (10)
Corresponding linear equation has the form
x(n) = 5
8
x(n− 2)− 3
8
x(n− 3) (11)
where x(n) = y(n)− y0, y0 = 3 is the stationary trajectory of (10). The stationary solution y(n) = 3 of model (10) (i.e., the
zero solution of Eq. (11)) is unstable.
We introduce impulses for (11), under the impulses the system (11) becomesx(n) =
5
8
x(n− 2)− 3
8
x(n− 3), n ≥ 1, n ≠ nk;
x(nk) = 0.03x(nk − 1), k ∈ Z+.
(12)
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Fig. 3. The original model (10) without impulses.
Fig. 4. The model (13) with impulses when nk − nk−1 = 2.
Corresponding population model with impulses has the form
y(n) = 4y(n− 2)
1+ 12y(n− 2)+ 12y(n− 3)
, n ≥ 1, n ≠ nk;
y(nk) = 0.03y(nk − 1)+ 0.97y0, k ∈ Z+.
(13)
Let V (n, xn) = ∥x(n)∥+0.42∥x(n−1)∥+0.189∥x(n−2)∥, thenwhen n ≠ nk−1, k ∈ Z+, V (n+1, xn+1)−2V (n, xn) < 0,
V (nk, xnk) ≤ 0.45V (nk− 1, xnk−1). From Theorem 1, c = 0.45,µ = 2, if max{nk− nk−1, k ∈ Z+} ≤ 2, then the zero solution
of (12) (the stationary solution y(n) = 3 of system (13)) is globally exponentially stable. The numerical simulation is given
in Figs. 3 and 4. Here, the initial condition is given as y(−2) = y(−1) = y(0) = 5.
Example 3. Consider the following systemx(n+ 1) =
1
3
x(n)+ 1
4
x(n− 2), n ≥ 0, n ≠ nk − 1;
x(nk) = 2x(nk − 1), k ∈ Z+
(14)
where x ∈ R.
Let V (n, xn) = ∥x(n)∥ + 12∥x(n− 1)∥ + 514∥x(n− 2)∥, then when n ≠ nk − 1, k ∈ Z+, V (n+ 1, xn+1)− 67V (n, xn) < 0,
V (nk, xnk) ≤ 2.5V (nk − 1, xnk−1). From Theorem 2, c = 2.5, µ = 67 , if min{nk − nk−1, k ∈ Z+} ≥ 7, then the zero solution
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Fig. 5. The original system (14) without impulses.
Fig. 6. The system (14) with impulsive perturbations when nk − nk−1 = 7.
of (14) is globally exponentially stable. The numerical simulation is given in Figs. 5 and 6. Here, the initial condition is given
as x(−2) = 1, x(−1) = 0, x(0) = 1.
Remark 4. Though Theorem 2 has been successfully applied for Example 3, Corollary 1 is not valid for this example.
4. Conclusions
In this paper, some explicit results on the global exponential stability for impulsive discrete systemswith time delays has
been derived. The obtained results show that to stabilize the original unstable system, the impulses must act frequently;
to keep the stability of the original system the impulses should act occasionally. Some examples, including an example
which cannot be studied by some of the known existing results, have also been given to illustrate the effectiveness and the
superiority of the obtained results.
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